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Abstract-In several works, the bending of plates resting on elastic foundations that react in
compression only have been investigated. In all of these investigations, the bending of the plates is
described within the framework of Kirchhoff.-Love hypothesis and the material of those plates are
supposed to be isotropic. Therefore, the results of the above-mentioned investigations are not
suitable for the bending of the plates fabricated from the composite materials and resting on the
elastic foundation that react in compression only.

In the present paper, the development of the solution method of the bending problems of the
plates fabricated from the composite materials on the "tensionless" elastic foundation is proposed
and the influence of the plate material properties to the displacement distribution and the form of
the contact region is studied with concrete problems as an example. In this case, the plate material
is modelled as an anisotropic material with the normalized mechanical properties; and the bending
of the plate is described by using some version of the higher order refined plate theory. Moreover,
with respect to the foundation, the following cases are considered; (I) Winkler foundation; (2)
elastic half-space.!:, 1997 Elsevier Science Ltd.

1. INTRODUCTION

At present, in numerous investigations, the bending of the plates resting on the elastic
foundations have been studied. Among these investigations those which deal with the
bending of the plates on the "tensionless" foundations are of considerable importance. In
this field, one of the attempts has been made in the papers of Hussian et al. (1968) and
Weitsman (1969), in which the foundation is represented by an elastic solid and the
investigation of the considered problem has been reduced to the solution of the dual integral
equations. Moreover, in the investigations of Gladwell and Iyer (1974) and Li and Dempsey
(1988), the bending of circular and square plates on a "tensionless" elastic half-space has
been studied. It is necessary to note that the considerable number of the investigations
presented in the papers of Weitsman (1970), Celep (1988), Khathlan (1994) and others,
have been made in the framework on the base of simply foundation models, which are
detailed in the investigations of Kerr (1964) and Vlasov and Leontiev (1966).

Note that, the first attempt of accounting the anisotropy of the material of the plate
resting on the Winkler foundation that reacts in compression only has been made in the
paper of Kocatlirk (1995). However, in this paper the behaviour of the plate bending is
described in the framework of the Kirchhof-Love hypothesis. Therefore, the results of
Kocatiirk (1995) can not take into account the influence of the weak shear stiffness (which
is one of the major specific characteristics of the composite materials) on the bending of
the plate fabricated from the composite materials and resting on the foundation that reacts
in compression only.
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Taking into account the above-stated facts, in the present paper the development of
the solution method of the bending problems of the plates fabricated from the composite
materials on the "tensionless" elastic foundation is proposed by using some version of Ilhe
higher order refined plate theories, with concrete problems as examples. In this case, the
plate material is modelled as an anisotropic material with the normalized mechanical
properties. Moreover, with respect to the foundation, the following cases are considered:
(1) Winkler foundation; (2) elastic half-space.

2. FORMULATION OF THE PROBLEM AND BASIC EQUATIONS

Consider a rectangular plate with thickness h which rests on the elastic half-space
and where contact between them is unbonded and frictionless. Associate the rectangular
Cartesian system of coordinates OX,X2X3 with the middle plane of this plate and suppose
that the considered plate is located in plane OX jX2 and occupies the region -a12 ~ Xl ~ a12,
-b12 ~ X2 ~ b12, -h12 ~ X 3 ~ hl2 (see Fig. 1). Assume that, on the upper surface of the
plate, the external forces and moments act. The material of the plate is also assumed to be
homogeneous, orthotropic with the principal axes of elastic symmetry OXj, OX2 and OX3'

Denoting the displacement of the middle plane in the directions OXj, OX2 and OX3 by
UIO, U20 and W, respectively, we suppose that the inequalities UIO « W, U20« W are satisfied
and UIO' U20 are neglected in all discussions below.

In this paper, we use a higher-order refined theory for anisotropic plates presented in
the papers of Kromm (1953,1955) that is a special case of Gol'denveizer's (1958) extension
of Reissnerr's theory (1945). Note that Kromm's theory (1953,1955) is one of the versions
of higher-order refined theories for anisotropic plates (the review of these theories for
layered composites is given in detail in Reddy (1990)) and is more suitable for our aim in
the sense of the generalization of the known results obtained for isotropic plates resting on
the elastic half-space. Thus, within Kromm's theory (1953,1955) and the framework of the
above-stated, the displacement field of the plate considered may be written in the following
form:

i = 1,2 (1)

where qJj, qJ2 characterize the average values of shear strains in the plate cross sections that
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Fig. I. The form of considered plate and external forces and moments.
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are perpendicular to the OXI and OX3 axes and UI and U2 are the components of the
displacement on the plane X3 = const. in the direction OXI and OX2, respectively.

Taking into account (I), the linear geometrical and constitutive relations, the equi
librium equation of the considered plate can be written as follows:

Ljl W+Lj2 1f1 1+Lj3 1f12 = [q(X t ,X2)+H(W)Pr(X],X2)-P(j(X t -Xlp)(j(X2 -X2p)

+ M I(j(XI - x lm ) -!-(j(X2 -x2m ) - M 2(j(X2 -X2m) -!-(j(xI -Xlm)](j); j = 1,2,3 (2)
UX2 uX 1

where

H(W) = 1 for X],X2 En
H(W) = 0 for Xl ,X2 ¢n

Lit = 0;

(3)

In (2), (3) the following notation is used: q(x!> X2), P are distributed and single loads
respectively and P is located at point (x Ip' X2p), M l and M 2 are the components of the
located moment at the point (x 1m, X2m), (j(x) is generalized function, n is the unknown
contact region, PAx!> X2) is unknown support reaction of the foundation, (j) are Kronecker
symbols. In (2), (3) are also used the following notations:

(4)

where £1 and £2 are the modulus of elasticities in the directions of ox! and OX2, G12, G13 and
G23 are the shear modulus of elasticities in the plane OX1X2, OXIX3 and OX2X3, respectively,
flij(i,j = 1,2) is the Poisson's ratios. It is necessary to add to the eqns (2), (3) the free edge
conditions for considered plate which can be written as follows according to Timoshenko
and Woinowsky-Krieger (1959):
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(5)

atx) = ±a/2

atx2 = ±b/2

eMl2V) = Q)---=O
OX2

aM)2
V, = Q,---= 0

- ~ ox)

R = 0 at Xl = ±a/2, X2 = ±b/2.

M n = 0,

In (5) Mil and M 22 are the bending moments, Ql and Q2 are the normal shear forces, M 2
is the twisting moment, R is the corner force. We write the representation of the M) b M n ,
VI, V2 and R by the W, \f) and '1'2 as follows:

(6)

Consider the determination of the surface displacement of elastic half-space under action
of the distributed load PAx), X2)' Note that the representation for this displacement can be
written by using the well known Boussinesq solution for the vertical point load in the
following form :

(7)

where WJis the surface displacement of the considered half-space, Eland Jifare the modulus
ofelasticity and Poisson's ratio for the foundation, respectively, ~ I and ~2 are the coordinates
of the points of the region Q.

Moreover, the unknown reaction force Pf(Xb X2) must satisfy the following equilibrium
condition
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Taking into account above-stated we can write the contact condition between the considere:d
plate and elastic half-space in the following form

WiXJ,X2)=W(XJ,X2)' p/(X j ,X2»0 forxJ, x2En

W1(XJ,X2) > W(X"X2)' P1(XJ,X2) =0 forx"x2¢n. (9)

Thus, the investigation of the considered problem is reduced to the solution of the system
of egns (2), (3), (7) with the boundary conditions (5) and the contact conditions (9). If we
change the relation (7) with the following one

and the relation (9) with

WiXJ,X2) = W(X"X2) forx"x2En

W/XJ,X2) = 0 for X"X2 ¢n

(10)

(11)

then, we obtain the formulation of the problem considered for the Winkler type tensionless
foundation. Note that in (10) Kfis the stiffness of the Winkler foundation.

With the above-stated, the formulation of the problem considered which is nonlinear
is exhausted.

3. THE METHOD OF SOLUTION OF FORMULATED PROBLEM

As it is impossible to obtain the analytical solution of the problem formulated in
Section 2, we attempt to look for an approach analytic-numerical solution by applying
Galerkin method. Introducing the dimensionless coordinates as

X2
'12 = b (12)

represent the unknown functions W, 'P" 'P2in the following form

N N

W = aLL Anm X 1n ('1J )X2m ('12)
n=l m=l

INN

'P J = 2 L L Bnm X;n('1dX2m ('12)
a n~'m~l

INN

'11 2 = 2 L L Cnm X 1n ('11)X;m('12)'
a n~lm~l

(13)

In (13) Anm, Bnm, Cnm are unknown constants, X in('11) are the eigenfunctions of unconstrained
free beams parallel to the edges. These functions are given by

Xii ('1J = 1, Xi2 ('1J = 2-}3'1i

X im ('1J = J2/(cosh2(fJm/2) + cos 2 (fJm/2)){cosh(fJm/2) cos(fJm'1J

+cos(fJm/2) cosh(fJm'1J} i = 1,2; m = 3,5,7, ... ,

X im ('1J = J2/(sinh2(fJm/2) - sin2(fJm/2)) {sinh(fJm/2) sin(fJm'1J

+ sin(fJm/2) sinh(fJm'1J} i = 1,2; m = 4,6,8, ... , (14)
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where the parameters 13m are obtained by calculating numerically the positive roots of the
equation

{
3, 5, 7", ,}

tan(13/2) ±tanh(13/2) = 0 m = .
4,6,8" ..

Taking into account that,

we obtain

(
0

2

W 2 0'1' ] )1--hy - =0
OXT lOX] x, = ±a!2 '

(
0

2
W 2 0'1'2)1--hy - =0

OX~ I OX2 x2 = ±b!2 '

(15)

(16)

(17)

Because the boundary conditions (5) are not satisfied automatically under representation
of the unknown functions W, '1'], '1'2 by the formulae (13), (14), we change the boundary
conditions (5) with (17) and add to the first equation of (2) the following "residual forces" :

where

o { 0
2

}+Dn /12! -;- [b(X2 +b/2)-b(X2 -b/2)]-
uX2 oXT

(18)
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Thus, the investigation of the problem formulated in Section 2 is reduced to the solution
of the eqns (2), (3), (7) (with taking into account the changing L li to Lli+L~J under
boundary conditions (17) and contact condition (9). Further, we take the first order
derivative of the second and third equation of (2) with respect to x" X2, respectively.
Substituting the representations (13) into these equations and carrying out the well known
procedures, we obtain the following system of equations with respect to the unknown
constants entering to (13) and function Pf :

1\[ N

L L (Anmalnmkl+Bnmblnmkl+CnmClnmkl) = 0
n=lrn=l

N N

L L (Anma2nmkl +Bnmb2nmkl + Cnm C2nmk/) = 0
n=lm=l

where

(20)

k,l = 1,2, ... N

(21)

a1nmkl = rI~2rI22[d" X
i
,AI11 )X2rn (112) + (d12 +2d66 )f32 X'{n(11 , )X;m(112)]

x X 1k (l1, )X2/(112)dI11 dry2
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a2nmkl = r12J~122 [dn {33 X 1n ('1 I)X~~J(I12)Xlk('1 1)X21('12)

+ (d12 +2d66 ){3Anm X'{n('1 I )X;m('12)X1k ('1 I )X21 ('12 )]d'1 1 dl12 ;

f '!2 fIn [ (/)2
C2nmkl = -12 -1-/2 dn X ln ('1l )X;m(I12) - ~ "h dn{32 X ln ('1l )X;'m('12)

+d66 X{n('1 1)X;n,('12)JX1k('1 1)X2/('12)d'1 I d'12 ;

fkl = ;1 r!12J~122 F('1l , 1]2)X/(1] 1)Xk(1]2)dl] 1dl]2

F(I] 1,1]2) = q(1] I' '12) + Pb(1] 1-I] Ip)b(1]2 -1]2p) + Mxb(1] I -I] InJ / 15(1]2 -1]2nJ
Ul]2

a+M vb(1]2 -1]2m) -~.-15(1]1 -l]ln,)' (22)
. 01] I

For Winkler type foundation, using (10), (11) we change the last equation of (21) with the
following one:

N N

PI(I] I ,1]2) = K I L L AnmX,n(l], )X2m (1]2) for al]j, bl12 En
n= I m= I

(23)

Thus, the solution of the considered nonlinear contact problems for the system of aniso
tropic (orthotropic) plates and elastic half-space (and Winkler foundation) are reduced to
the solution of the eqns (20)-(22), «20), (23) and (22)).

4. NUMERICAL SOLUTION PROCEDURE

As the considered system of eqns (20)-(22) or (20), (23), (22) are nonlinear, the
numerical solution of this system are carried out by using an iteration procedure. In this
case, in the first iteration, we suppose that there exist full contact between plate and
foundation and define such part of the contact region under which W(x), X2) < 0 (for the
Winkler foundation) or PAx

"
X2) < 0 (for the elastic half-space). The equation

W(x), x2) = 0 for the Winkler foundation and the equation PI(x), X2) = 0 for the elastic
half-space is defined the boundary of the contact region 0. 1 c {x), X2; XI E [- a12, a/2],
X2 E [ - b12, b12l}. In the second iteration we suppose that the full contact between plate
and foundation is fulfilled only on the 0. 1 and for XI' X2Enl\{X"X2; xIE[-a/2,aI2];
X2 E [ - b/2, b12l} , Pt(x), X2) = O. Reasoning as in the first iteration, we define the refined
contact region 0.2 c 0. 1, The above described iterations is continued up to W(XI,X2) > 0
(for the Winkler foundation) or Pix), X 2) > 0 (for the elastic half-space) for all X I, X2 E nk ,

where k is the number of the last iteration. Thus, we determine the contact region as 0. = nk

between the anisotropic plate and the "tensionless" foundation. After determination of the
contact region 0., the others seeking values are also determined.

Note that in the case when the anisotropic plate rests on the elastic half-space under
the procedure of carrying out of the above-stated iterations, it is necessary to algebrize the
singular integral eqn (21) for the numerical solution. For this purpose, we act in the
following form.
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It is known that, if the edges and the corners of the plate are in contact with the elastic
half-space, the contact pressure is singular in these places. When the plate considered is a
rigid one, the most singularities arise. In the last case, the order of the singularities at
the edges and the corners are equal to 0.5 and IX, respectively. Note that, the value of IX is
calculated by many authors and the different but near values has been obtained for it. For
example, in the papers of Rvachev (1959), Bazant (1974) and Borodachev (1976) it has
been obtained as IX = 0.686, IX = 0.704 and IX = 0.6996 respectively. In our numerical inves
tigations IX = 0.7 is assumed and the unknown function PJxj, x 2) is represented in the
following form:

where Fj(xj, X2) is bounded function at the contact region.
Further, the contact region 0 is divided into small elements Qj (j = 1, ... N I) by

assuming that Fj(xj, x 2) is constant in each element Qj. So, we may write the following
relation:

Note that, under writing the relation (25), the dimensionless coordinates (12) is used and
the notation f3 = alb is introduced.

Assuming the compatibility conditions (i.e., the eqn (21) hold at the center of each
element 0,) we obtain the following equations from (21), (25):

N] .N J

1(111),1'12,) = L I AnmXln(I1IJX2m(112) j= 1,2, ... ,Nlo l1lj,11 2j EQr (26)
n=l m=l

Thus, the singular integral eqn (21) is algebrized as (26).
Consider the choice of the value of Nwhich enter to the eqns (13), (14), (21), (23) and

of the value N] which enter to the eqn (26). Not that, the choice of the Nand N] in our
investigations is based on the numerical convergence of the obtained numerical results in
each integration. In this case we require the difference between the numerical results
obtained under Nand N] and those obtained under N -I and N,-I must not be more
than 0.05%.

5. NUMERICAL RESULTS AND DISCUSSIONS

Now, consider some numerical results which are obtained by using the above-described
algorithm in the case, when only the external force P acts at the point Xl = X2 = O. Note
that the numerical results which will be considered are obtained in the framework five
iteration and the values of Nand N] are defined in each iteration by using above-stated
requirement for Nand N 1•

Consider a square plate, i.e., consider the case when a = b (Fig. I). Introducing the
parameter
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and assume that /1f= 0.1; G13 = G23 , G12IE1 = 0.4, /112 = /121 = 0.25, Kfa41DlI = 16,000;
Era31Dll = 16,000.

Investigate the influence of the change of E21E1 and A on the size and form of the
contact region between plate and elastic half-space and on the displacement distribution of
the plate and foundation surface. Consider the fOllowing two cases:

1. The foundation is modelled as the generalized Winkler foundation (W.F.) which
reacts in compression only.

2. The foundation is modelled as the elastic half-space (E.H.S.) which reacts to the
compression only in the contact region.

Note that, in the considered external loading, the form of the plate secure the symmeltry
of the obtained results with respect to the OX[ and OX2 axes (Fig. 1). So, we will study only
on the first quadrature below.

Thus, consider the Fig. 2, on which, at various E21E[ and A, the contact region between
plate and elastic foundation are shown. Note that, the results showed in Fig. 2 in the case
when E21E1 = 1, A = 0 for the Winkler foundation coincide with the results ofCelep (1988),
but for the elastic half-space coincide with the results of Li and Dempsey (1988).

Moreover, the obtained results show that under E2IE[ = 1 by increasing A, the size of
the contact region decrease and the form of these regions is a circle. The comparison of the

E.H.S. E2/ E[ = I

Contact fLift-off

0.1

W.E E2/ E1 =0.6

Contact fLift-off

0.3,....------------..,

0.1

W.E E2/E[=1

Contact fLift-off

0.2

0.3.--------------,

0.1

0
0.30 0.1 0.2

(a) (c)

0.3 0.3
E.H.S. E2/ E1 =I

Contact fLift-off

0.2 0.2

(b)

0.1

0.3
(d)

0.1

0.3

Fig. 2. The influence of considered problem parameters to the size and form of the contact region.
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results obtained for the Winkler foundation with the results obtained for the elastic half
space shows that, in the second case (E.H.S.), the radius of the contact region is smaIler
from that of which is found in the first case (W.F.).

The above-stated situation occurs also in the case when E2/ E, = 0.6. But, in this case,
the form of the contact region is an ellipse. Moreover, the major axis of this ellipse is in the
direction of ox] axis, and the minor axis of it is in the oX2 direction. These results are
explained in the case when the modulus of elasticity in the ox, direction is bigger than that
of in the OX2 direction, i.e., E, > E2.

Introduce the denoting w = W.P. 102/(a.E]) and consider the influence of the plate
material property to the distribution of the displacement at the plate edges. The graphs of
the distribution of w with respect to x] and X2 under various A are shown in Figs 3-7 with
E2/E, = I; 0.9; 0.8; 0.7; 0.6, respectively. Note that the graphs in Figs 3a, 4a, 4b, 5a, 5b,
6a, 6b, 7a, 7b are constructed for the case 1 (for the W.F.) and the graphs in Figs 3b, 4c,
4d, 5c, 5d, 6c, 6d, 7c, 7d are constructed for the case 2 (for the E.H.S.). Moreover, note
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for E.H.S.
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that the numerical results shown the dependencies between wand x,/a (and X2/b) are
obtained at x2/b = 0.5 (at x,/a = 0.5).

Analysis of the obtained numerical results shows that with decreasing A the values w
increase monotonously in all considered cases and the influence of the change of A to the
values of w is very significant. It follows that the displacement w obtained in the case when
the foundation is modelled as W.F. greater than the corresponding displacement w obtained
in the case when the foundation is modelled as E.H.S.

The comparison of the numerical results obtained for various E2/ E, shows that the
influence of the change of E2/ E, is non-monotonous. In the considered cases at first with
decreasing E2/E, the values w increase. After some values of E2/E, (for the considered cases
after E2/ E) = 0.7) with decreasing E2/ E, the values of w decrease. Moreover, with decreasing
E2/E} the character of the dependencies between wand xda (at X2/b = 0.5) change, i.e., in
the cases E2/E1 = 1; 0.9; 0.8; 0.7 the maximal value of ware obtained at the plate corner,
however in the case E2/E, = 0.6 the point at which w is maximal moves from plate corner
into the edge X2/b = 0.5.

Now consider the influence of the change of the plate material property to the values
of w obtained at x,/a = 0 and at x21b = O. The graphs of the dependencies between wand
x,/a at x2/b = 0 and between wand X2/b at x,/a = 0 are shown in Figs 8-10 with E2/E, = I;
0.8; 0.6, respectively.

Note that the results shown in Figs 8a, 9a, 9b, lOa, lOb correspond to the case I (W.F.)
and the results shown in the Figs 8b, 9c, 9d, 10c, lOd correspond to the case 2 (E.H.S.).

The analysis of the graphs constructed in Figs 8-10 shows that in all considered cases
with decreasing A the values w increase monotonously in contact and in lift-off region.
Moreover, non-monotonous character of the influence of the change of E21E, to the values
w obtained at xda = 0 and at X2/b = 0 is also observed from the above graphs.

Note that, in the case when the foundation is modelled as W.F. the graphs show the
displacement distribution of the plate considered with respect to x,/a at X2/b = 0 or with
respect to x2/b at x,/a = 0 and also show the displacement of foundation surface in the
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contact region (in the lift-off region the displacement of the foundation is equal to zero).
However, the graphs corresponded to the case when the foundation is modelled as E.H.S.
don't show the displacement of the surface point of E.H.S. For the non-complication of
the observation of the plate displacement graphs the numerical results obtained for the
surface displacement of the E.H.S. are not indicated in the above figures. These results are
given with graphs shown in Fig. II, which are constructed in the case E2/E] = 0.8; xda = 0
with various A. It follows that with decreasing A causes the displacement of the surface
point of E.H.S. growth. Note that in the other considered cases analogous results are
obtained for the surface displacement of E.H.S., which also follows from the results given
in Table I. The data shown in Table I indicate the values w at the centre of the plate
considered for various values A and E2/E1• Moreover, it follows that at the centre of the
plate the values of w obtained for the E.H.S. significantly less than those obtained for the
W.F. from numerical results given in the Table 1.

The above-shown character of the influence of the change of the parameter A (which
characterise the shear stiffness of the considered plate material) on the displacement of the
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plate considered and on the displacement of the surface of the foundation, agrees with the
engineering intuition and with the numerous results obtained for the composite plates under
investigations of their various mechanical behaviours. Moreover, by direct verification it is
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Table I. The values of w = W.P. 1O'/(aE1) at center of
the plate

i\. E2/E I W.F. E.H.S.

0 1.0 0.0784 0.0563
0.8 0.0813 0.0575
0.6 0.0854 0.0591

0.2 1.0 0.1262 0.0742
0.8 0.1325 0.0764
0.6 0.1358 0.0776

0.4 1.0 0.1664 0.0861
0.8 0.1754 0.0890
0.6 0.1724 0.0888

0.6 1.0 0.2100 0.0992
0.8 0.2340 0.1075
0.6 0.2177 0.1021

established that the values w obtained in the present paper with A = 0 under E2/ E 1 = ] in
case] (W.F.) coincide with the corresponding values w obtained in the paper of Celep
(1988), in case 2 (E. H.S.) coincide with the corresponding values w obtained in the paper
of Li and Dempsey (1988) and under E2/ E1 < 1 in case 1 (W.F.) coincide with those
obtained in the paper of Kocatiirk (1995).

Again return to the discussion of the influence of the change of E2 / E j to the behaviour
of the bending of the considered anisotropic plate resting on the foundation which react in
compression only. Note that in the present paper under all numerical investigations we
suppose that 0.6 ~ E2 / E j ~ 1 and obtained numerical results show non-monotonous
character of the discussed influence. Moreover, the numerical results obtained in the case
when E2/E j < 0.6 (for example, when E2/E j = 0.4) have shown us that in these cases the
contact region between plate and tensionless foundation is multi-connected region. Such
phenomena for above-described modelling of the foundation under considered loading of
the plate are observed only in the case when the plate material is anisotropic material.
Consequently, the above phenomena arise as a result of significant decrease of the ani
sotropy of stiffness properties of the plate material under small values of E2/ E j and the
study of that is very difficult and requires very cumbersome numerical investigations.
Therefore, in the present paper these investigations are not considered and those will be
studied in the other papers of the authors.
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